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Abstract
We characterize the possible isomorphism types of amalgams of maximal parabolics associated
with a flag-transitive action on a c-extended F4(2)-building.
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1. Introduction
This article contributes to the classification project initiated in [6] of geometriesG which
are c-extensions of F4(t)-buildings with diagram
c.tF : 0
1
◦ c 1
2
◦ 2
2
◦ 3
t
◦ 4
t
◦,
for t ∈ {1, 2, 4}, satisfying the following combinatorial properties:
(a) Any two elements of type 0 are incident to at most one common element of type 1.
(ab) If two elements of type 0 are incident to a common element x of type 1 and to a
common element y of type 4 then x and y are incident.
(b) Any three elements of type 0 are pairwise incident to common elements of type 1 if
and only if all three of them are incident to a common element of type 4.
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It was shown in [6] that for t = 4 there exists a unique such geometry which is in
fact flag-transitive with the automorphism group the Baby Monster sporadic simple group
B M . In [10], under an additional condition which holds in each flag-transitive example,
a similar result was obtained for t = 1, showing that in this case there are exactly two
such geometries with the sporadic simple group Fi22 and its non-split extension 3 · Fi22
as flag-transitive automorphism groups.
For t = 2, however, the situation is more complicated since, in contrast to the cases
t = 1, 4, not even the flag-transitive geometries satisfying (a), (ab) and (b) have been
completely classified yet. Four such geometries with automorphism groups
2E6(2) : 2, 3 · 2E6(2) : 2, E6(2) : 2, and 226 : F4(2)
are known and they are described in [5]. In [7] the simple-connectedness of the last three
examples has been established (the first geometry is a folding of the second one). Thus, the
remaining step in the classification problem of flag-transitive c.2F -geometries satisfying
(a), (ab), (b) is the classification of the corresponding amalgams of maximal parabolic
subgroups. This is precisely the subject of the present article.
Henceforth, unless explicitly stated otherwise, G will always be a flag-transitive
geometry with diagram
c.2F : 0
1
◦ c 1
2
◦ 2
2
◦ 3
2
◦ 4
2
◦
in which the residue of every element of type 0 is the building of the group F4(2) and
which satisfies the above three conditions (a), (ab), (b). We will show, however, that (a)
is implied by flag-transitivity and so does not need to be assumed (see Lemma 2.9). For
0 ≤ i ≤ 4 we denote by Gi the set of objects of G of type i and we fix a maximal flag
{a0, a1, a2, a3, a4}, ai ∈ Gi . For G ≤ Aut(G) flag-transitive we denote by Gi = Gai the
stabilizer of ai in G and for J ⊂ I = {0, 1, 2, 3, 4} we set G J = ⋂i∈J Gi . By K J we
denote the kernel of the action of G J on the residue of the flag {ai | i ∈ J }. (As usual
we omit commas and brackets when J is used as a subscript, thus writing G12 instead
of G{1,2}, for example.) We set Pi = ⋂ j∈I\{i} G j and B = ⋂i∈I Gi . In analogy with
buildings the groups Gi are called maximal parabolics, the Pi minimal parabolics, and B
the Borel subgroup. Throughout we assume that
BG =
⋂
g∈G
Bg = 1.
Since G is flag-transitive, no non-trivial subgroup of B is normal in G. Also we assume
that G = 〈Gi | 0 ≤ i ≤ 4〉, and, equivalently, that G is connected. For x ∈ G we denote by
res(x) the residue of x and if x ∈ Gi we write res(x)− and res(x)+ for the subgeometries
of res(x) induced on the objects of type <i and >i , respectively. By Kx (or simply by
Ki when x is clear from the context) we denote the kernel of the action of Gx on res(x),
while by K +i and K
−
i we denote the kernels of the Gi action on res(x)+ and res(x)−,
respectively. It is clear that Ki = K +i ∩ K −i .
By Γ we denote the collinearity graph of G, that is Γ is the graph with vertices
V (Γ ) = G0 and edges E(Γ ) = {{x, y} | x, y ∈ G0, {x, y} = res(z)− for some z ∈ G1}.
If x ∈ V (Γ ) then Γ (x) = {y | {x, y} ∈ E(Γ )} denotes the neighbourhood of x in Γ and
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if x, y ∈ E(Γ ) are two vertices at distance 2 in Γ then μ(x, y) = Γ (x) ∩ Γ (y) is the
subgraph of Γ induced on the set of common neighbours of x and y in Γ . It was shown
in [6], Lemmas 3.1 and 3.3, that our assumptions (a), (ab), (b) are equivalent to Γ being
locally Δ, where Δ is the commuting graph on one conjugacy class of central involutions
in the group F4(2). In particular, the objects of G of type 0, 1, 2, 3, 4 can be identified
with the vertices, the edges, and certain cliques of Γ of size 4, 8, and 64, respectively.
Furthermore Γ contains μ-subgraphs of just two types (in [6] they are called μ-subgraphs
of type D6 and D8).
We are going to prove the following two theorems.
Theorem 1.1. Let G be a geometry with the diagram c.2F in which the residue of every
element of type 0 is the building of the group F4(2) and suppose that G satisfies the
conditions (a), (ab) and (b). Let G be a flag-transitive automorphism group of G and
let A = {G j | 0 ≤ j ≤ 4} be the amalgam of maximal parabolics associated with the
action of G on G. Then G0 is either F4(2) or F4(2) × 2 and exactly one of the following
two assertions holds:
(i) G1 = G01 Z(G1), G ∼= G(226 : F4(2)) and G ∼= 226 : F4(2);
(ii) there is a subgroup H in G01 isomorphic to Ω+6 (2) such that G1 = G01CG1(H ); one
of the following three possibilities takes place:
(A) G0 ∼= F4(2) and CG1(H ) ∼= 2 × 2;
(B) G0 ∼= F4(2) and CG1(H ) ∼= 4;
(C) G0 ∼= F4(2) × 2 and CG1(H ) ∼= D8;
and in each of these three cases the subamalgam in A formed by G0 and G1 is
determined uniquely up to isomorphism.
Theorem 1.2. Suppose assertion (ii) in the conclusion of Theorem 1.1 holds. For k = 1, 2
and 3 let A(k) denote the subamalgam in A formed by the parabolics G0, G1, . . . , Gk.
Then the following assertions hold:
(i) if G0 ∼= F4(2) then for a given isomorphism type ofA(1) there is at most one possibility
for the isomorphism type of A(2), while if G0 ∼= F4(2) × 2 there are at most two such
possibilities;
(ii) the isomorphism type of A(2) determines that of A(3) uniquely;
(iii) for a given isomorphism type of A(3) there are at most two possibilities for the
isomorphism type of A.
As an immediate consequence of Theorems 1.1 and 1.2 we obtain the following.
Corollary 1.3. Under the hypothesis of Theorem 1.1, besides the case when G = G(226 :
F4(2)) and G ∼= 226 : F4(2), there are at most eight possibilities for the isomorphism type
of A. 
We conclude this section with a brief description of the four known examples of flag-
transitive c.2F -geometries satisfying (a), (ab) and (b). For more details we refer the reader
to [5] and Section 3 in [6].
First let G be one of the groups 2E6(2) : 2, 3 · 2E6(2) : 2 and E6(2) : 2. Then
G contains a conjugacy class C of (outer) involutions such that CG(x) ∼= 2 × F4(2)
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if x ∈ C. Moreover, CG(x) has a unique orbit Ox of length 69 615 on C, that is with
CG (x) ∩ CG (y) ∼= 2 × 21+6+8 : Sp6(2) for y ∈ Ox . We can thus define a graph Γ with
V (Γ ) = C and E(Γ ) = {{x, y} | x, y ∈ C, y ∈ Ox }. Since there is always an element
in G which interchanges x and y if {x, y} ∈ E(Γ ), we see that G acts vertex- and edge-
transitively on Γ . It can be checked that Γ is locally Δ and so the desired c.2F -geometry
can be recovered from Γ by the remark at the end of the introduction. Notice that G′ is also
a flag-transitive automorphism group of G; however C ⊆ G \ G′. Thus four out of eight
possibilities for the isomorphism type ofA allowed by Corollary 1.3 are realized when we
take (G, G) to be the following pairs:
(G(E6(2) : 2), E6(2)), (G(E6(2) : 2), E6(2) : 2),
(G( 2E6(2) : 2), 2E6(2)), (G( 2E6(2) : 2), 2E6(2) : 2).
Recall that G(3 · 2E6(2) : 2) is a cover of G( 2E6(2) : 2) and therefore it does not contribute
to the list of amalgams.
We now turn to the last example. In this case we start with the group F ∼= F4(2). Let
F = 2F be the building of F with the diagram
2F : 1
2
◦ 2
2
◦ 3
2
◦ 4
2
◦
and let V be a 26-dimensional irreducible G F(2)F-module. Then there exists a
representation of F into V in the sense that there is a map
ϕ : F1 → V
x → vx
with vx = 0 for all x ∈ F1 and such that vx + vy + vz = 0 if {x, y, z} = res(l)− for some
l ∈ F2. The map ϕ is F-invariant; that is, for x ∈ F1 and g ∈ F we have (vx)g = vxg
and Fx = Fvx . Let G be the geometry whose objects of type 0 are all the elements of V ,
whose objects of type 1 are the cosets 〈vx 〉v, x ∈ F1, v ∈ V , and whose objects of type
i = 2, 3, 4 are the cosets ϕ(x)v, x ∈ F i , v ∈ V , ϕ(x) = 〈vy | y ∈ res(x)〉. Incidence is
defined by symmetrized inclusion and the semidirect product G = V : F ∼= 226 : F4(2)
acts as a flag-transitive automorphism group on G where F acts in the natural way and V
by multiplication from the right. Again, one can check that G satisfies (a), (ab) and (b).
Remark. The above method is sometimes called affine extension (or expansion) and works
in many more cases. For example,F also has a (non-abelian) representation into the group
F ∼= F4(2) itself and so there also exists a geometry on which F4(2) × F4(2) acts flag-
transitively. The latter geometry is flag-transitive with diagram c.2F but it does not possess
the property (b). For some further details on representations and affine extensions we refer
the reader to, for example, the article of A. Pasini in the present volume.
2. Preliminaries
In this section we collect a number of preliminary definitions and results. First we recall
some definitions concerning amalgams and mention one lemma that will be used later. As
a nice introduction to the general theory of amalgams we suggest Chapter 8 in [8].
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By an amalgam A = {Ai | i ∈ I } we understand a collection A of groups Ai , i ∈ I ,
where I is some index set, such that the multiplications defined in the groups Ai and A j
coincide on Ai ∩ A j . Two amalgams A = {Ai | i ∈ I } and B = {Bi | i ∈ I } are called
isomorphic if, for each i ∈ I , there exists an isomorphism ϕi : Ai → Bi with the property
that ϕi |Ai ∩A j = ϕ j |Ai ∩A j for all i, j ∈ I . By the type of a rank 2 amalgamA = {A1, A2}
we understand the identification of A1 and A2 up to isomorphism and the specification of
A1 ∩ A2 in Ai up to conjugation in Aut(Ai ), i = 1, 2.
Proposition 2.1 (Goldschmidt’s Lemma). Let A = {A1, A2} be a rank 2 amalgam and
set B = A1 ∩ A2, D = Aut(B), Ni = NAut(Ai )(B), Ki = CAut(Ai )(B), i = 1, 2. So
Di = Ni/Ki is the image of Ni in D. Then a maximal set of pairwise non-isomorphic
amalgams having the same type as A is in a natural bijection with the set of (D1, D2)-
double cosets in D.
Proof. [3], (2.7) or Chapter 8.3 in [8]. 
We will make use of the following refinement of Goldschmidt’s Lemma for the case
when B has index 2 in A2 (Lemmas 4.2, 4.3 in [9]).
Lemma 2.2. In the hypothesis of Proposition 2.1 suppose that [A2 : B] = 2. Then the
isomorphism type of A is determined by the choice of
(i) A1 up to isomorphism;
(ii) B ≤ A1 up to conjugation in the automorphism group of A1;
(iii) an automorphism ψ of B (induced by an element t ∈ A2 \ B), whose square is an
inner automorphism;
(iv) an element q ∈ B centralized by ψ (such that t2 = q).
Furthermore the automorphism ψ in (iii) can be chosen up to multiplication by
elements from D1. Choosing ψ from different cosets of D1 in D one gets non-isomorphic
amalgams. 
Next we recall some facts about the group F4(2). Let F ∼= F4(2), F = 2F be the
building of F with the diagram
2F : 1
2
◦ 2
2
◦ 3
2
◦ 4
2
◦,
let {xi | 1 ≤ i ≤ 4} be a maximal flag of F and let {Fi = Fxi | 1 ≤ i ≤ 4} be the
corresponding amalgam of maximal parabolics. For the structure of F we refer the reader
to [4] and just mention the following.
Lemma 2.3. Let i = 1, 4. Then Fi ∼= 21+6+8 : Sp6(2) is the semidirect product of
Qi = O2(Fi ) and a subgroup S ∼= Sp6(2). Furthermore, Qi is the central product
of Zi = Z(Qi ), which is elementary abelian of order 27, and an extraspecial group
Di ∼= 21+8+ (this extraspecial group cannot be chosen to be normal in Fi ). The centre Z(Fi )
of Fi is of order 2. Furthermore, Fi/Qi ∼= S acts on Qi/Zi as on the (8-dimensional) spin
module and on Zi/Z(Fi ) as on the natural Sp6(2)-module, and both Qi/Z(Fi ) ∼= 26+8
and Zi are indecomposable modules. 
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Lemma 2.4. Let i be 2 or 3. Then Fi/O2(Fi ) ∼= Σ3 × L3(2), |O2(Fi )| = 220, Z(O2(Fi ))
is elementary abelian of order 25. The centre Z(O2(Fi )), as a module for Fi/O2(Fi ), is
isomorphic to the direct sum of the irreducible 2-dimensional module for Σ3 and a natural
module for L3(2); in particular Z(Fi ) is trivial. 
Lemma 2.5. Let S = Sp6(2). The following assertions hold:
(i) if V6 is the 6-dimensional symplectic module for S then |H 1(S, V6)| = 2;
(ii) if V7 is the 7-dimensional orthogonal module for S (which is the indecomposable
extension of the trivial 1-dimensional module by V6) then |H 1(S, V7)| = 2;
(iii) if V8 is the 8-dimensional spin module for S then H 1(S, V8) is trivial.
Proof. The assertions (i) and (iii) follow from [11]. By (i) the order of H 1(S, V7) is at
most 2. Let T ∼= Ω+8 (2), let V be the natural 8-dimensional orthogonal module for T and
v be a non-singular vector in V . Then T (v) ∼= S and V , as a module for T (v) possesses a
unique composition series
0 < V1 < V7 < V ,
where V1 and V/V7 are 1-dimensional and V7/V1 ∼= V6. Hence the upper bound for
H 1(S, V7) is attained and (ii) follows. 
Lemma 2.6. Let F˜ ∼= 2·F4(2) be the non-split extension of F4(2) by a group of order 2 and
let F˜1 be the preimage of F1 in F˜. Then every automorphism of F˜1 centralizes Z(F˜).
Proof. Since F1 contains a Sylow 2-subgroup of F , by Gaschütz’ theorem F˜1 does not
split over Z(F˜). Let T be a subgroup in F isomorphic to Sp8(2) (cf. [2]) and let t be a
3-transposition in T , so that CT (t) ∼= 27 : Sp6(2). Comparing the orders of the involution
centralizers in F we conclude that t is a 2-central involution in F . Therefore, applying a
(possibly outer) automorphism of F we may assume that F1 = CF (t). Hence in terms of
Lemma 2.3 we have
T ∩ F1 = Z1S,
(here Z1 ∼= 27 is the centre of O2(F1) and S is an Sp6(2)-complement to O2(F1) in F1).
The Schur multiplier of Sp8(2) is trivial (cf. [2]), which implies that the preimage in F˜
of Z1S splits over Z(F˜). This means that the preimage Z˜1 of Z1 is the centre of F˜1 and,
considering this centre as a module for F˜1/O2(F˜1) ∼= Sp6(2), we have
Z˜1 = Z(F˜) ⊕ X,
where X is 7-dimensional indecomposable. In particular, Z(F˜1) is elementary abelian of
order 22 generated by Z(F˜) and Y := Z(F˜1) ∩ X . Let R be the commutator subgroup
of O2(F˜1). Using the irreducibility of O2(F˜1)/Z(F˜1) it is easy to see that R is an order
2 subgroup in Z(F˜1). Clearly R could not be Z(F˜), since O2(F1) is non-abelian, and it
could not be Y either, since in that case O2(F˜1) would contain a complement to Z(F˜)
which is normal in F˜1. Thus every subgroup of Z(F˜1) is characteristic in F˜1 and the result
follows. 
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Lemma 2.7. Let H be a c-extension of the 6-dimensional symplectic polar space over
G F(2) with the diagram
H : 0
1
◦ c 1
2
◦ 2
2
◦ 3
2
◦.
Let H ≤ Aut(H) be flag-transitive. Then H is isomorphic to one of the groups 26 : Sp6(2),
27 : Sp6(2), O±8 (2), Ω±8 (2).
Proof. This follows from the classification of the affine polar spaces in [1]. 
Finally, we prove two lemmas on flag-transitive c .t F -geometries for a general t ∈
{1, 2, 4}.
Lemma 2.8. Let G be a flag-transitive c .t F -geometry, t ∈ {1, 2, 4}, and let G ≤ Aut(G)
be flag-transitive on G. Let l ∈ G1, res(l)− = {p, q}. Then G = 〈G p, Gq〉.
Proof. Choose x ∈ G3, y ∈ G4, such that {l, x, y} is a flag. Then Gxy/Kxy ∼= 23 : L3(2)
(independently of the value of t). So G pxy/Kxy ∼= L3(2) ∼= Gqxy/Kxy are two different
maximal subgroups of Gxy/Kxy and we thus have Gxy = 〈G pxy, Gqxy〉 ≤ 〈G p, Gq 〉.
Therefore Gx = 〈G px , Gxy〉 ≤ 〈G p, Gq〉 and finally G = 〈G p, Gx 〉 ≤ 〈G p, Gq 〉. 
Lemma 2.9. Let G and G be as in Lemma 2.8. Then the condition (a) is satisfied.
Proof. Let p, q ∈ G0 and k, l ∈ G1 be such that {p, q} = res(l)− = res(k)− and suppose
that k = l. Then G p = 〈G pk, G pl〉. Since G pk acts on res(k)− and fixes p we have
G pk = Gqk . Similarly, G pl = Gql . So G p = 〈G pk , G pl〉 = 〈Gqk, Gql〉 = Gq and
Lemma 2.8 yields the contradiction G = 〈G p, Gq 〉 = G p = Gq . Hence k = l. 
3. First investigations onA
We now start to investigate our amalgamA = {Gi | 0 ≤ i ≤ 4} of maximal parabolics
associated with a flag-transitive c.2F -geometry G in which the residue of every element of
type 0 is a building and which satisfy (a), (ab) and (b). In our first lemma we classify the
structure of the groups Gi/Ki . Then we shall look at the kernels Ki .
Lemma 3.1. We have G0/K0 ∼= F4(2), G1/K1 ∼= 2 × Sp6(2), G2/K2 ∼= Σ4 × L3(2),
G3/K3 ∼= 23 : L3(2) × Σ3, and G4/K4 ∼= 26 : Sp6(2).
Proof. The isomorphism G0/K0 ∼= F4(2) follows from the well-known fact that F4(2) is
the only flag-transitive automorphism group of its building. Since a4 can be identified with
a clique of size 64 in Γ , the diagram of G and Lemma 2.7 imply that G4/K4 ∼= 26 : Sp6(2).
For 1 ≤ i ≤ 3 let K +i and K −i be the kernels of the actions of Gi on res(ai )+ and res(ai )−,
respectively. Then K +i and K
−
i are both normal in Gi , whence [K +i , K −i ] ≤ K +i ∩ K −i =
Ki and Gi/Ki ∼= K +i /Ki ×K −i /Ki . Therefore Gi/K +i ∼= K −i /Ki and Gi/K −i ∼= K +i /Ki .
On the other hand, the structures of Gi/K +i and Gi/K
−
i are easy to deduce from the
diagram of G and the structures of G0/K0 and G1/K1. 
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Lemma 3.2. (i) Ki = K0i for 0 ≤ i ≤ 4.
(ii) |K0| ≤ 2.
(iii) B and all the Ki ’s are 2-groups.
Proof. (i) For 1 ≤ i ≤ 4, we have Ki ≤ K0i by definition, and K0i acts trivially on
res(ai )
+ since G has a string diagram. Hence K0i ≤ K +i for 1 ≤ i ≤ 3, K0i/Ki is
isomorphic to a subgroup of Gi/Ki which is normalized by G0i , K04/K4 is isomorphic to
a subgroup of G4/K4 which is normalized by G04/K4. We see from Lemma 3.1 that in all
the cases there is a unique non-trivial such subgroup, namely O2(Gi/Ki ), 1 ≤ i ≤ 3, and
O2(G4/K4). On the other hand, the diagram of G implies that this subgroup acts fixed-
point freely on res(ai ) ∩ G0. Since K0i clearly fixes a0, we conclude that K0i ≤ K −i and
K04 ≤ K4 and (i) is proved.
(ii) We investigate the action of K0 on Γ . First notice that K0 fixes the neighbourhood
Γ (a0) of a0 in Γ . Let res(a1)− = {a0, p}. Then K0 fixes Γ (a0) ∩ Γ (p) and the fact that
Γ is locally Δ implies that K0 K p/K p ≤ Z(G0p/K p) whence |K0 : K0 ∩ K p| ≤ 2. It
remains to show that K0 ∩ K p = 1. Choose x ∈ Γ (p) \ Γ (a0) so that the μ-subgraph
Γ (a0) ∩ Γ (x) contains a vertex y where the path π = (p, a0, y) is of D6-type. Such
x and y exist by Section 7 in [7]. As before we have K p Kx/Kx ≤ Z(G px/Kx) and
|K p : K p ∩ Kx | ≤ 2. Furthermore, since π is of D6-type, Z(G px/Kx ) does not fix y. On
the other hand, y ∈ Γ (a0) and is therefore fixed by K0 ∩ K p . Hence K0 ∩ K p ≤ Kx and
K0 ∩ K p = Kx ∩ K p by the order reason. Thus K0 ∩ K p  〈G p, G1〉 = G. This implies
K0 ∩ K p = 1.
(iii) Follows from (ii) and the structure of G0/K0 ∼= F4(2). 
Corollary 3.3. G0 ∼= F4(2) or 2 × F4(2).
Proof. By Lemma 3.1 (b) we only have to exclude the possibility that G0 is the non-split
extension of G0/K0 ∼= F4(2) by K0 of order 2. By the diagram of G we see that G01 is the
preimage in G0 of the centralizer in G0/K0 of a central involution and that G01 is of index
2 (and hence normal) in G1. By Lemma 2.6 if G0 does not split over K0 the latter must be
normal in G1. In view of Lemma 2.8 K0 is normal in the whole of G. Since G acts on G
faithfully and flag-transitively, this is a contradiction. 
Out next step is to determine the possible isomorphism types of the subamalgam
A(1) = {G0, G1} of A. Put F = F4(2) and adopt the notation for subgroups in F from
Lemmas 2.3 and 2.4. By Corollary 3.3, G0 = G′0 × K0, where G′0 will be identified with
F and K0 is of order 1 or 2. Furthermore G01 ∼= G′01 × K0 where G′01 ∼= F1. In view of
Lemma 2.2 we should study the automorphism group of F1.
Lemma 3.4. The outer automorphism group of F1 is of order 2.
Proof. We follow notation introduced in Lemma 2.3. By Lemma 2.5(ii) the subgroup Z1S
possesses exactly two classes of complements to Z1. If S1 is a complement not conjugate
to S then S ∩ S1 ∼= Ωε6 (2), where ε ∈ {+,−} and both possibilities are realized. We specify
the choice by assuming that ε = +. Let α be the permutation of the elements of Z1S which
fixes every element of Z1 and which permutes every pair of elements {s, s1} with s ∈ S,
s1 ∈ S1 and s Z1 = s1 Z1. Then α is an (outer) automorphism of Z1S and since Z1 is the
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centre of O2(F1), α extends to a unique automorphism β of F1 which centralizes O2(F1).
Notice that by the construction CF1(β) = O2(F1)(S ∩ S1) ∼= 21+6+8 : Ω+6 (2). Now
let γ be an arbitrary automorphism of F1. By Lemmas 2.3 and 2.5 every complement to
O2(F1) in F1 is conjugate in F1 either to S or to S1. Therefore, multiplying γ by an inner
automorphism and possibly by the above constructed automorphism β, we may assume
that γ normalizes S. Since all automorphisms of S are inner, we can further adjust γ , the
inner automorphism induced by an element of S, so that γ centralizes S. We claim that γ
is the identity automorphism. Since all the chief factors of S inside O2(F1) are absolutely
irreducible we can assume that the order of γ is a power of 2 and therefore without loss
we can assume that the square of γ is the identity automorphism. Then γ must centralize
at least half of O2(F1)/Z(F1) and the centralizer must be S-invariant. By Lemma 2.3 this
implies that γ centralizes the whole of O2(F1)/Z(F1). By the same argument γ centralizes
Z1. Thus, unless γ is trivial, it must act fixed-point freely on O2(F1) \ Z1. Considering
the action of γ on the extraspecial subgroup D1 ∼= 21+8+ from Lemma 2.3 easily leads to a
contradiction proving the claim and completing the proof of the lemma. 
4. Proof of Theorem 1.1
Let A(1) be the subamalgam formed by the subgroups G0 and G1 in an amalgam A
which satisfies the hypothesis of Theorem 1.1. In view of the paragraph before Lemma 3.4
we identify G′0 with F and G′01 with F1. Let z be the generator of Z(F1) and k be the
generator of K0. Let t ∈ G1 \ G01. Since Z(G01) = 〈k, z〉 and K0 is not normalized
by t unless K0 is trivial, we conclude that t permutes k and kz when K0 ∼= 2. Therefore
the automorphism of G0 induced by t is uniquely determined by its action on G′01. By
Lemma 3.4 we can assume that the automorphism of F1 (identified with G′01) induced by
t is either trivial or coincides with the automorphism β constructed within the proof of
Lemma 3.4.
Suppose first that t centralizes F1. Then t centralizes a Levi complement S to O2(F1)
in F1. By the remark at the end of Section 2 in [7] this implies that all the μ-subgraphs of
D6-type in Γ are singular (containing 128 vertices). By Theorem 3 in [7] the assertion (i)
in Theorem 1.1 is valid in this case.
From now on we assume that t induces the automorphism β of F1. Then by the proof
of Lemma 3.4 the main part of the assertion (ii) in Theorem 1.1 holds with H = S ∩ S1.
Now t2 centralizes F1 and is centralized by t . Therefore either t2 = 1 or t2 = z. If
K0 = 1 then in these two cases we have non-isomorphic amalgamsA(1) as in (A) and (B)
of Theorem 1.1(ii). On the other hand, if K0 ∼= 2 these two possibilities lead to isomorphic
amalgams. In fact the element tk induces the same automorphism of G01 as t does and if
t2 = zδ for δ ∈ {0, 1} then
(tk)2 = tktk = t2zkk = zδ+1.
Therefore the proof of Theorem 1.1 is complete.
Notice that the amalgams in cases (A) and (B) are both subamalgams in the one from
case (C).
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5. Proof of Theorem 1.2
Let A = {Gi | 0 ≤ i ≤ 4} be an amalgam of maximal parabolics satisfying the
hypothesis of Theorem 1.1 and suppose further that the subamalgam A(1) formed by G0
and G1 satisfies the assertion (ii) in Theorem 1.1. For the proof of Theorem 1.2 we apply
the strategy developed by Ivanov and Shpectorov within their classification of the flag-
transitive Petersen and tilde geometries (cf. Chapter 8 in [8]).
Let us discuss how to extend the subamalgamA(1) to a larger subamalgamA(2). We first
claim that the subamalgam B = {G02, G12} is uniquely determined up to conjugation by
the elements of G01. In fact, because of the flag-transitivity of G′0 on res(a0), the subgroup
G′02 can be identified with F2 and G02 = G′02 K0. Furthermore, since the element t as in
the previous section acts trivially on res(a0), we have G12 = 〈G012, t〉. Since res(a2)− is
the geometry of vertices and edges of the complete graph on four vertices, G2 is clearly
generated by G02 and G12. Therefore in order to extend A(1) to A(2) it is necessary and
sufficient to specify the kernel N2 of the homomorphism
ϕ : U2 → G2
where U2 is the universal completion group of the amalgam B.
The largest subgroup in G012 which is normal in both G02 and G12 is clearly K −2 . It is
easy to see from Lemma 2.4 that K −2 is the unique normal subgroup in G02 = F2 × K0
such that the corresponding factor group is isomorphic to Σ3.
Both K −2 and N2 are normal in the universal completion group U2 and their intersection
is trivial (since ϕ must be injective when restricted to B). In particular N2 ≤ CU2(K −2 ).
Let us discuss the centre of K −2 and the way G2/K
−
2 acts on this centre. Notice that
G2/K −2 ∼= Σ4 by Lemma 3.1.
Lemma 5.1. The following assertions hold:
(i) if K0 = 1 then Z(K −2 ) is elementary abelian of order 22 on which G2/K2 ∼= Σ4 acts
irreducibly with O2(G2/K −2 ) ∼= 22 being the kernel;
(ii) if K0 ∼= 2 then Z(K −2 ) is elementary abelian of order 23 on which G2/K −2 ∼= Σ4
acts faithfully and indecomposably as on the 3-dimensional quotient of the G F(2)-
permutation module of the natural representation of Σ4 of degree 4.
In particular CG2(K
−
2 ) = Z(K −2 ).
Proof. It is easy to see that Z(Gx) is contained in Z(K −2 ) for every element x of type 0 or
1 incident to a0. In view of this observation the result easily follows from Lemma 2.4 and
the action of the element t on Z(G01) described in the previous section. 
Lemma 5.1 and the paragraph before that lemma can be summarized as follows.
Lemma 5.2. The kernel N2 of ϕ is a complement to Z(K −2 ) in CU2(K −2 ), which is normal
in U2. 
Thus the number of isomorphism types of A(2) subject to a given isomorphism type of
A(1) is at most the number of U2-invariant complements to Z(K −2 ) in CU2(K −2 ). Since we
are aiming at an upper bound on the number of isomorphism types, we can assume that at
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least one such complement N2 exists, so that CU2(K
−
2 ) = N2 × Z(K −2 ) and N2 is normal
in U2.
Let Θ˜ be the cubic tree whose vertices are the cosets of G02 in U2, whose edges are the
cosets of G12 in U2 and in which a vertex and an edge are incident if (as cosets) they have
non-empty intersection. The group U2 acts on Θ˜ in the natural way with kernel K −2 and
the homomorphism ϕ : U2 → G2 induces a covering of
ψ : Θ˜ → Θ ,
where Θ is the complete subgraph on four vertices in the collinearity graph Γ of G (this
subgraphΘ is identified with the element a2 of G, stabilized by G2).
The action of N2 on Θ˜ is faithful (since N2 ∩ K −2 ≤ N2 ∩ Z(K −2 ) = 1) and it is
regular on every fibre of ψ (since U2/(N2 K −2 ) ∼= G2/K −2 ∼= Σ4). Therefore by a standard
result N2 is canonically isomorphic to the fundamental group Φ(Θ) of Θ . Let N (1)2 be any
complement to Z(K −2 ) in CU2(K
−
2 ). Then by the homomorphism theorem N2/(N2 ∩ N (1)2 )
is isomorphic to a factor group of Z(K −2 ); in particular it is an elementary abelian 2-group
(by Lemma 5.1). Henceforth all the complements we are after contain the smallest normal
subgroup Φ2 such that the factor group Φ(2) = Φ(Θ)/Φ2 has exponent 2.
Lemma 5.3. The largest factor group Φ(2) of Φ(Θ) having exponent 2 is of order 23 and
as a module forΣ4 ∼= Aut(Θ) it is the 3-dimensional quotient of the G F(2)-permutational
module of the degree 4 representation.
Proof. Since Φ has six edges and four vertices, by a standard result Φ(Θ) is a free group
with 3 = 6 − 4 + 1 generators, which gives the order of Φ(2). The module structure is easy
to check, since Θ contains four triangles and three 4-cycles. 
Thus every complement to Z(K −2 ) in CU2(K
−
2 ) is the preimage of a complement to
Z(K −2 )Φ2 in
CU2(K
−
2 )/Φ2 ∼= Φ(2) × Z(K −2 )
which is invariant under the action of U2/N2 K −2 ∼= G2/K −2 ∼= Σ4.
By Lemmas 5.1 and 5.3 if K0 = 1 then N2/Φ2 is the only such complement, while if
K0 ∼= 2 then Φ(2) and Z(K −2 ) are isomorphic and there are precisely two complements.
This proves Theorem 1.2(i).
Now suppose that the isomorphism type of A(2) is given. Then K −3 is the unique
subgroup in F3 × K0 (identified with G03) such that G03/K −3 ∼= L3(2) and
Gi3 = NGi (K −3 )
for i = 0, 1, 2. The residue res(a3) is the affine space which is simply connected. Thus
G3 can be adjoined to A(2) uniquely as the universal completion of the subamalgam
C = {G03, G13, G23}, which proves Theorem 1.2(ii).
Finally suppose that A(3) is given up to isomorphism. Then K4 = O2(F4) × K0 and
Gi4 = NGi (K4) for i = 0, 1, 2 and 3. The universal cover of res(a4) is the c-extended polar
space of Sp6(2) with the automorphism group E = 27 : Sp6(2) (compare Lemma 2.7).
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Let G˜ be the universal completion of the subamalgam D = {Gi4 | 0 ≤ i ≤ 3}. Then
(assuming there is at least one way to extendA(3) to A) either
(1) G˜4/K4 ∼= 26 : Sp6(2) and G4 = G˜4, or
(2) G˜4/K4 ∼= 27 : Sp6(2) and G4 is the quotient of G˜4 over a normal subgroup of order 2.
In case (2) the normal subgroup of order 2 must be disjoint from K4. The centre of E is
of order 2; the centre of K4 is Z(F4) × K0 and K0, unless it is trivial, is not centralized by
G˜4. Thus the centre of G˜4 is of order at most 4 and hence it contains at most two subgroups
of order 2 which are disjoint from K4. This proves Theorem 1.2(iii).
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